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Abstract. The time-dependent matrix Schridinger equation 31;%%’- = H(t)W¥ describing two

bands of an infinite numbef of equidistant states with different energy spacings w.. in each band
is §tudied. Both bands are linearly dependent on time ¢. The-interaction v = (/o_o./r)tanns
between the bands is considered ta be egual for any pair of states from each band. Using
the Fourier series transformation the instant eigenvalues E(f,s) ate calculated which reveal
the dooble periodicity in the energy-time plane. The corresponding eigenvalue surface in the
{E, t, s)-space, apart from the triple pericdicity, shows quite unexpected symunetry properties
relative to the exchange of £ and ¥, and relative to some inversions in the (E, ¢) plane. The latter
one leads to a new equivalence between weak and strong coupling, a new kind of pseudocrossing
and a new concept of antidiabatic states. The Fourier transformation reduces the problem to a
2 x 2 first-order differential operator, The diagonalization of H(#) for fixed ¢ produces explicit
expressions for the eigenvalues (adiabatic potential curves) and eigenstates (adiabatic basis).
The time evolution operator is calculated both in the diabatic ahd adiabatic representations. The
resutts are simplified for the special value of the interaction parameter.

1. Introduction

The time-dependent matrix Schridinger equation is considered. Such operators are used,
for instance, in atomic physics to describe molecule-molecule collisions. A broad class of
quantuin problems of practical importance can be described in terms of the transitions
between two systems (bands) of parallel potential curves. The potential curves are
understood here to be the eigenvalues of the Hamiltonian H(A) which depends on some
parameter A.

In the static aspect of the problem the objects of interest are the peculiarities in A~
dependence of the potential curves and of the related eigenfunctions {adiabatic states). It ig
well known that, generally, the potential curves do not cross each other (Neumann—Wigner
non-crossing rule, see e.g. Landau and Lifshitz [7]) provided that the related adiabatic
state belongs to the same irreducible representation of the exact symmetry group of H(A).
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However, so called avoided crossings (or pseudocrossings) can occur which often have a
solid foundation in the physics of a specific system.

In the dynamic formulation, A becomes a function of time ¢ defined by the physical
content of the problem. The object of interest is the matrix of the time propagator. In
physical problems the adiabatic states vary rapidly with A in some special regions of A
{near the avoided crossings of two or more potential curves). The alternative choice is the
dizbatic basis of states which represents a somewhat Ioosely defined notion. Generally it is
chosen so that in the generating physical problem the basis functions vary smoothly with
A. The diabatic potential curves are defined as the diagonal elements of the Hamiltonian in
the diabatic basis. These curves can cross each other at certain vaines of A which indicates
that, in the diabatic approximation, the physical system has higher symmetry than the exact
Hamiltonian.

The simplest model of this type—the Landau—Zener model [6,111—describes the
situation when the instantaneous Hamiltonian has only two energy levels. Psendo-crossing
of these levels is considered. The Demkov—Osherov model [2] describes the crossing of
several parallel energy curves by one particular curve. Scme generakizations of the Landau—
Zener model were analysed recently by Brundobler and Elser [1]. An important problem
is the intersection of the two families of potential curves, The complexity of the solution
of this problem grows with the number of levels considered. The case of a large number
of potential curves is interesting in some applications. For example, the interaction of two
Rydberg series of energy levels can be approximated by two equidistant families of potential
curves. This problem is considered in the present paper. It appears that it has a solution
in terms of elementary functions for the limit when the number of curves in each band is
infinite. ’

The important and unique property of the model considered here is its double periodicity
in time and energy. Apparently this is the simplest non-trivial model of this kind and,
therefore, it is worth full consideration. Hamiltonians that are periodic in time only have
been considered by many authors and the concept of quasi-energy has been introduced
in this respect. The quasi-energy ¢ and the quasi-energetic states ¥, are defined by the
condition W (¢ + Ty) = exp(ieTo)We(2), where Ty is the period of the Hamiltonian H(z)
(see e.g. Manakov et al [8]). The energy shift periodicity has also been considered by some
authors [10]. The general properties of systems that are periodic in time and energy can be
understood using the investigating model.

Some examples of the physical realization of the band-crossing problem were discussed
recently by Demkov and Osirovsky [4]. The general properties of the potential curves were
established and a special model with an infinite number of parallel and equidistant potential
curves was formulated. A more detailed analysis of the latter model, in both its static and
dynamic aspects, constitutes the main object of this paper. The model is generalized to the
case when the curve spacing is different in each band. The dynamical properties of the
model are investigated in this paper. A striking similarity between the time parameter ¢,
interaction parameter s and energy parameter E has been discovered (see formulae (14) and
(15)). The evolution operator is calculated.

It is convenient to formulate the model in the diabatic basis. Each band contains an
infinite number of potential curves. The related diabatic states form the Hilbert space £.
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- Hence, the model Hamiltonian is defined in £; & £; space by the infinite matrix

(1 DU )
,6+t—w+ 0 0 [P I v v U
0 B+t 0 v v v
0 0 Buttowr ...... v v v
H() =
v v v ﬁ_t;w_ 0 0
v v v 0 Bt 0
v v v 0 0 ft4+w. ...

(H
The dibatic potential curves are the diagonal matrix elements of  in the chosen basis
E=Dypn =81t +wem me Z.

They depend linearly on time ¢ with the slopes gy, with wy the spacings between the
potential curves in each band. The bands are labelled by the subscript £. The interaction is
introduced only between the levels from the different bands. We assume that the interaction
(or coupling) does not depend on the distance between the levels. So, in the v = 0 limit the
two infinite equidistant systems of parallel lines crossing each other form, in the (E, ¢)-plane,
an infinite grid of parallelograms with an evident double periodicity.

We are going to study the related dynamical problem

1a :
HOF@) = ——F 1) (2)

with the constant ¢ introduced for convenience.
The common linear term can be removed from the diagonal of the matrix H() wfr_h the
help of the phase transformation

F(t) = elcBrtBI 4 E ()

The function Fp(t) satisfies the equation
B+ + 8- _1la
(H(I) > t) K = T3 Fo(z).

The matrix Ho(2) = H() — ﬁ*—';p—‘t is of the same form as (1) but with equal slopes for
the diabatic potential curves. Hence, it is sufficient to consider the operators H(z) with
B+ = —B_ = B only. The same transformation can be used to obtain the equation with
the following linear dependence of the Hamiltonian on time A + Bf with constant matrices
A, B. This problem has been analysed recently by Brundobler and Elser [1].

We are going to use the symmetrical form of the Hamiltonian only. Dividing the
operator 7 by B one obtains the equation of the same form with 8 = 1, and new values of
the parameters w. and c. Hence, we can restrict our consideration, without losing generality,
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to the operators M () with unit slopes for the diabatic potential curves:

( ) : \
t—wy 0 0 v U v
0 t 0 v ] v
|] 0 4wy v v v
H(t) = - ®)
v v v —t—ew_. 0 0
v v v 0 —t 0
v v v 0 0 —f4+ew- ...
\ B,

This operator was first analysed {4,9] in the original (diabatic) representation for equal
spacings between the energy levels in both bands, i.e. for ey = @_ only. The energy levels
for the perturbed problem were calculated, and the whole set of the potential curves was
analysed. The system of potential curves is a periodic function in time for this model. The
important features of the time evolution were characterized.

We continue this investigation, concentrating our attention on the problem with different
Ievel spacings in the bands. Using a Fourier transformation, the matrix operator (1)
is transformed to a 2 x 2 first-order matrix differential operator over the interval. The
differential form of the operator is independent of the interaction parameter v. The
interaction is introduced by v-dependent boundary conditions at the end points of the
interval. We show that the operator is self-adjoint. Normalized diabatic and adiabatic
eigenfunctions are obtained (section 2).

The evolution operator, corresponding to the dynamical equation (2), is calculated for
all valees of the parameters using the modulated translational invariant form for the solution
of the differential equation. Simplified formulae are derived for the case of equal spacings
in the bands. This common value of the spacing can be assumed to equal unity because
the scaling transformation ¢t — ¢/w transforms the problem with equal spacing @ to the
problem with unit spacing. Evolution in this case is investigated in detail. The evolution
operator for the half period is of particular interest. Simplified formulae are presented for
the case when the frequency of the transitions hetween the levels coincides with the two
inverse periods of the Hamiltonian (section 3).

If the interaction parameter v is equal to /7, then the system of the adiabatic curves
is independent of the time. It is shown that the evolution operator on the period is also
independent of the initial time and equals the diabatic evolution operator. The evolution
operator over half a period is antidiagonal; the initial data with support on one of the family
of energy levels are transformed during the half-period to certain initial data with support
on the other family. During the second-half of the period the data are transformed back to
the first family of energy levels. The shift occurs on one level only. The adiabatic evolution
operator is calculated (section 4).

We do not need to separately consider the cases of @, # w_ and f4. #% B, when
investigating the static eigenvalue problem for a given v, ¢. If the system of energy curves
is not symmetric, then certain linear transformations of the (E, f)-plane can be performed
and the parallelograms can be transformed into squares. Then the problem is reduced to
wy = w- =1, 8+ = f_ = 1. The values of @y, w_ are important for the dynamical
problem only. .
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2. Stationary problem

Consider the matrix operator H(#) in £, & £3. The representation given by the matrix H(z)
(3) will be referred to as the digbatic representation. The domain of the operator coincides
with the set of all elements ¥ from £ & £5, which are solutions of the equation H(H¥ = F
for certain F € £, & £;. More precisely, the element ¥ = (¥, ) € £, @ £> belongs to
the domain of H{#) if and only if the following conditions are satisfied.

() The sums VP3, ¥+, converge in the principal value sense: VP} ¥u, =
limyeo Zn-——N Ve n

(i) {(F +mo)Vem + 0(VP Y, ¥ra)], € o
‘We define the action of the operator 7 (z) as

(’H(t) ("’+ )) - ( (¢ + Mo )Py + 0P S, W) )
w_ m (—t + mw—)’;"—.m + v(vP En ¢+.n) .

We are going to use the Fourier transformation
o

3 — ; —ing —— ing & d
fo) = ——= Ze fa J_ & F(p) do.

The Fourier transformation of the operator H(r) will be denoted by H(z). This operator
is defined on the two- -component functions ¥ = (t,ff.,_, 1,’/ ) € Lo(0,27) @ La(0, 27). The
domain of the operator ’H(t) consists of functions ¥ which are Fourier transformations of
the elements from £, &, satisfying conditions (i} and (ii). The second condition is satisfied
only if ¥u € W10, 2x). It follows that the boundary values Y (0), ¥ (27) exist and are-
finite and the first condition is fulfilled. For the functions ¥.(¢) the second condition is
equivalent to the conditions

¥5(0) + §0m) ”;"”*(2”) e L, (0, 27).

d
(it -+ Iwid

These conditions are satisfied if and only if

Ve € W) (0,27)

) Y + 2708 (g0)

and
i (F2(0) - 2m)) + 70 (F(0) + F=m)) = 0

The iast conditions can be written in the form

B O _ [ Fem ' | -
(wz:(O)) r (vf@n)) | @
wyw_ — (u)? 2iw-mv
oo +@e)? oo+ (Tu)?
F=t"" Riwiwy wiw_ - (ru)? | ' )

W 4+ (V)2 opo- - (Tu)?
We have proven that the operator ’R(t) is the matrix differential operator
~ 4+ in)..;. o‘l 0 .
)= ¢ , 6
H® ( 0 —t + iw_a—’:; ©

with the domain of all functions from W} (0,2%) & Wg (0, 2x) satisfying the boundary
conditions (4).
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We are going to show that the operator Hr) is equal to a matrix operator with the
singular interaction at the origin:

wo {THingE 2mr8(qa))
H(t)_(Zﬂva(qa);a —t+ico_% ' @

The correct mathematical definition of operator (7) can be given in the framework of the
distribution theory for discontinuous test functions (see [5] for details). Operator H(f) is a
matrix first-order differential operator of the form

H@) = 0l + Vi) +T
. dp

with the constant matrices

Q=(06+ a.?_) T=(a _Ot)=tcr3 V=(270w 235”):271’1)01

where
_ {01 _ {1 0
9I=\1 0 =10 -1

ate the Pauli matrices. The domain of the operator H(t) consists of all vector valued
two-component functions ¥(p) = (1{7.,.((0), 1}..(;0)), which are solutions of the equation
B (zy¥ = F for certain functions F € L,(0, 27} ® L2(0, 2%). Function ¥+ is a solution
of the first-order diagonal matrix differential equations with constant coefficients at every
point ¢ # 0, 2: '

iszilir +T¥ = F. ®
d¢

It follows that both components of the solution are continuous functions inside the interval;
moreover, ¥ € W1(0, 2%) & W} (0, 2x). Every function from the domain of this operator
is a solution of the equation

5 . . - ~
i22-8(0) + Vi@ ¥e) + T¥) = F) ®)

This equation does not have any solution in the class of continuous functions ¥, The natural
assumption that the §-function is an even function can be used. This assumption leads to a
formula for the delta function, defined on the discontinuous test functions [5]:

¥ (+0) + ¥ (2m)
—

oyl = (10

‘We then obtain boundary conditions for the function W at the point ¢ = 0, 27 by integrating
equation (9) from 27w — ¢ to +¢ with respect to the variable ¢ and considering the limit
e — 0

b0+ ¥2m)

3 0.

i (\31(0) - xir(z:r)) +V
These conditions ¢an be written in the form
U0 = -iv/ @ +iv/)¥er)

and coincide with the boundary conditions defined by the matrix I" (5).
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We note that the differential fomi of the operator is independent of the interaction
parameter v. Only the boundary conditions contain this dependence. The matrix I has a
simpler form if the following notations are used:

T

wf O
cos 2w i,/2=sin2xs
"
—-T={ ) .
1'!:‘:—*51112:'1’.5' cos2ms

If the spacings between the levels in the bands are equal ie. wy = w_, then the matrix T
is unitary and can be written as an exponential: I' = ¥ % where oy is the Pauli matrix.

The operator 'H(t) is self- adjomt for all values of @w_, wy. Indeed, the boundary form
of the operator is

(ROT, &) - (&, AODY _
=i [0y {#20¢ m) - 1. 05 @ )
+o_{¥-0§-0m) - 106 O} =0.

Here {(#,x)} denotes the standard scalar product in L2(0, 27) & L2(0, 2x). The adjoint
operator H*(z) is defined by the same differential expression on a subset of functions from
W1 (0,27} & W,(0,2m). Any element G from this domain defines a continuous form on
the domain of the aperator H(¢) by the formula ((?:{_F , G)) only if this element satisfies the
same boundary conditions (4). Thus, the operator H(t) is self-adjoint.

The operator H{t) has a purely discrete spectrum {the adiabatic potential curves), which
depends on the parameter 7. The related eigenfunctions satisfy the equations

=tanrs —>

S .
tyry + 1w+~£¢+ = Ey

5 an
—_ t{f}_ + im_—f&_ = E'l;‘_
o
with the boundary conditions (4). The general solution of system (11) is
YA Ge—E)v)/ws
=cie
r=eie (12)
w_ = c_e(—l(:+E)go)/w-

where the constants ¢a can be calculated by substituting ansatz (12) into the boundary
conditions (4):

{ﬂteﬁﬂ’ﬁ‘—E))/&Ly COS IS Sin ﬂ‘__.‘..E..l e-ﬁﬁ(f“'E))/ﬂ?— Sil’l TS COoS M c

w- Wy [ B + _

( e@r(—EN/o+ gin s cos "—(—2; :E - 3—:&‘(”’("""3)” - cos s sin EUHED ;‘EE ) ( )
(13}

This linear system has solutions if and only if the determinant of the matrix is equal to
zero. This condition defines the adiabatic spectrum of the problem:
t—E
tan hid¢ )tanzr(t+E)
(4208 wa

+ {tan7ws)® = 0. . (14)

We first discuss the system of potential curves for the case w. = @, = 1. This will be
referred to as the symmetric case. The dispersion (eigenvalue) equation for this case was
first derived using the diabatic representation by Demkov and Ostrovsky [4]. Another form
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of the dispersion equation, in this case, shows the striking similarity between the parameters
¢t and s:
(tans)? + (tan 71)2

2 _
(tanm E)" = 1+ (tan ws)2(tan wt)? (15

This formula defines a surface in the (E, s, £)-space which is triple periodic along all
three axes with all three periods equal to one. The general shape of this surface is presented
in figure 1. The equi-energy curves are shown by figure 2.

0. 0T —

Figure 1. The system of potential surfaces for the symmetric case w_ = w,. = 1. All properties
considered in cases (1)-{9) can be seen.

IS
N2
DI

WY
{7
N

L1E]

e

&2
2

Figure 2. Equi-energy curves E = 0.5, 0.15, 0.20, 0.25, 0.30, 0.35, 0.40, 0.45 for wy. = - = 1.
Transitions from the ellipse in the vicinity of the degenerate points to the rectangles in the iso-
energetic region can be easily seen.

Let us consider the intersections of this surface with the planes defined by the equations
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tanxs, tanmt and tan 7 E equal to 0, 1 or infinity.

0 1 =
tanms 1 2 3
tanmt 4 5 6
tanxE 7 8 9

(1) Purely diabatic case £ = =kr +n. Rectangular grid of two musually crossing infinite
equidistant parallel straight lines in the (&, #)-plane.

QDE=n+ %, iso-energetic case, all lines are ¢ independent parallel with the distance
1/2. .
(3) Antidiabatic case E =n+ —é— =+ %. The rectangular grid with the crossing points in
the centres of the diabatic grid (case (1)).

(4) E = +s 4 n. The energy curves form a rectangular grid in the (E, s) plane. If 5 is
small, then this formula indicates the pseudocrossing splitting AE = 2s.

(3Ytanw E = X1, The energy E=n & % is independent of 5. These lines correspond
to the stationary points in the (E, ¢) plane. All E(s, ¢) cross at these points.

(6) tanwE = Zcotmws = E =xs +n+ % Rectangular grid in the (E,s) plane
between the grid in case (4).

(7) (a) tanws = 0 and fanm¢ = 0. The diabatic degeneration points. In the vicinity
of these points the surface is close to a circular cone, which is the demonstration of the
Neumann-Wigner theorem; (b) cotwrs = 0,cotmwt =0 = s =n+1,t =m + 3. These
points form a squar&centred grid in each plane E = n.

(8) Either s = n :I: sort=m :I: . The rectangular grid in the (s, 7} plane with the
(2 2) size squares.

(9} Either tansws = 0(s = #) and cotmt = 0@t = m + 2), or tanmf = 0{f = n) and
cotns =0(s =m + 2) These are the adiabatic crossing points or the antidiabatic comc
intersections in the (E,, s)-space. The points form a square centred grid shifted by 5 in
the ¢ or s direction relative to case (7).

In the symmetric case the Hamiltonian is’ periodic with period one. More precisely,
Hamiltonians corresponding to different ¢ and ¢/, — ¢’ = m € Z are unitary equivalent.
The upijtary transformation connecting these operators is the translation of the 4 and —
components on the m units in the opposite directions. Note that in the diabatic basis this
petiodicity is hidden, but in the adiabatic representation it appears explicitly,

The system of the energy curves is invariant with respect to the shift of the parameters
E.HD—=>Ex1/72,6+£1/2)

E(+1/2,t£1/2) = E(s, ).

Note that a shift of the parameter 5 on 1/2: 5§ — 5+ /2 corresponds to the transformation
of the parameter v : v — 72/v. The system of the energy levels is doubly periodic in the
(¢, E)-plane with the invariant translation vectors (3, £3):

(t.E)—> (¢+1LE+D
(t, E)—>(t+2.E 2)

The structure of the potential curves in the non-symmetric case w; # w_ is s1mllar (sce
figure 3). It is invariant under the translations by the vectors (w_/2, w./2), (@wy./2, —wsf2):

t,E)= (t+w_/2, Et+w_[2)
¢ E)—> (ttow /2, E—w,f2).
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Figure 3. The system of potential curves far wy =1, 0. =17,

The system of energy levels for all values of the interaction parameter v (or ) contains
the points (¢, E) of both of the types

.5 =(55)+1(55)+m(F -3 Lmez
¢ B = (2 -25) +1(%, “")+m("’7+,—“’—;) Lmel.

We show that the dispersion (eigenvalue) equation is satisfied at the point (w_ /4, w_/4) for
all values of the interaction parameter v(s):
. w(t—E) . n(t+E)

n(t—E t+ E
sin sin (cos s)? + (sinms)? cos ( ) cos 7+ E)
wy W - [ ¥R w_

= sinOsin g-(cos 75)? + (sinms)? cos 0 cos % =0,

The other points from this lattice can be considered in the same way. These will be referred
to as stationary points. They are important for further considerations of the dynamical
problem.

The system of energy levels is symmetric with respect to the stationary points. Consider,
+ for example, point (w_/4,w_/4). Let (¢, E) be a solution of the dispersion equation (14).
Then, the symmetric point (¢/, E) = (—t + @-/2, —E 4+ w_/2) is also a solution of the
dispersion equation:

w(t' —E)  n('+E)

tan tan + (tan7s)?
Wy o
—t+ E —t' — E' -
= tan T+ E) tan il +o-) + (tan ws)*
[LEN [/
t— t+E
= a2 B, an TE+ E) + (tanzs)* = 0.

(XN w_
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Figure 4. The potential curves in the main parallelogram forwy. =1, w_ =17, s =n/24,n =
1,2, ..., 11. Transition from the diabatic case (v = 0) through the iso-energetic (linear) (s = %)
ease to the antidiabatic case {s = 1) can be seen.

Let us denote the solution of equation (14) inside the parallelogram with the vertices
10, 0), (@_/4, w_/4), (—w4/4, 01 /4), (@ — 01)/4, (@ +w4)/8)} by E40(). Let the
potential curve be known in this cell for a fixed value of the interaction v (see figure 4).
Then, the potential curves in the whole (¢, E) plane can be restored using the invariance
transformations described above. Firstly, we can continue this potential curve symmetrically
with respect to the point (- /4, w_/4) and it can then be continued using translations by
the vectors #({w~ + w..)/2, (w— — w4)/2), n € Z. Another curve is symmetric with respect
to the point {(w- + wy)/4, (w_ — wy)/4):

E_o(t) =—E4o (—t +2= Z m+) 2- ;w.,._

Two series of solutions of the dispersion equation can be introduced:

Egn(t) = Ezp (: _,,9;_;&) +n-‘-"% nel.

In the case of the weak interaction v — 0, the solutions E4 , approach the diabatic curves
Dy () = 2t +moy med. .

For v = 0 (no interaction occurs) we obtain the standard diabatic levels E = D,. ,, with the
crossing points

. - [+ 08 /258 .
t (T T) (G -7 )mmer)
The infinite interaction (v = oo) defines the potential curves
E=:I:t+(m+%)mi mezZ

with the crossings at the points

[(ehes eonee) o (5.5) o (-5 imme].

The curves (actually the straight lines) obtained in the limit of supersirong interaction were
named antidiabatic by Demkov and Ostrovsky ([4]) . For the small interaction v — 0, one
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observes avoided crossings of the adiabatic curves in the neighbourhood of the crossings
of the diabatic curves. For the large interaction v — co, a similar picture can be observed
close to the crossings of the antidiabatic curves, These antidiabatic avoided crossings were
also obtained for the finite number of states within both bands (see [4]).

The linear dependence of the adiabatic curves on the parameter ¢ occurs in the case
v/ Jorw- =1, (s = 1/4). Solutions of the dispersion equation form the straight lines
passing through the stationary points:

w_ — _ t w_y
Eyppym=——=t+(@n4 ) —m—m—.
= o+ oy +@n 2)Z(co_ + )
We have, in this case,

tanﬂt—Etanxt+E=m(g_+23—w_/2) tan(?.r—w_ﬂ) g

Wy w_ W Wi We - wy

and the dispersion equation is satisfied. The potential lines are horizontal in the symmetric
case w_. = @; = w and the spectrum of the Hamiltonian does not depend on ¢. This is
referred to as the isospectral case: '

Ei (Y= w(:l:% +n) nelk.
Another set of lines passing through the stationary points

W+

— r+(2 4_-2) ( —os
corresponds to the complex values of the interaction parameter tanws = i. These lines
become vertical in the limit of equal spacing w_ = w,.

As in the original Landau—Zener model, if the interaction is not equal to zero or infinity,

i.e. 5 # 0, 1/2, then the energy curves intersect at the complex values of the time parameter
t. These branching points of the £ function in the complex z-plane play an important role
in the calculations of the non-diabatical transitions when the factor in front of the time
derivative tends to zero.

__ ),
Een(®) = <

Consider the symmetric case for simplicity ie. @y = w_ = l. The intersection
occurs at the points with the same values of the energy parameter E, as the intersection
of the diabatic and antidiabatic curves, i.e. at the points with £y = 0,4%1,42,,... or

By =231/2,4£3/2,45/2,.... Let|s| € 1, then the first set of the energy values corresponds
to the time parameter with real part Rez = n, n € Z. The imaginary part of ¢ is defined by
the equation

(tans)? + (tanwt)® = 0.
The solution is given by

tankh ™! (tan s
ok an ) |

t =i neZ.

A numerical solution for this equation is presented in figure 5. Solutions from the second
set are defined by the values of ¢ with real part Ref = 1/2+ n, n € Z. The corresponding
equation

{cotmt) + (tanws)> =0
defines the solution

-1
tx:l:im+l/2+n neZ.
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Figure 5. Complex intersection of the energy surfaces for the symmetric case @, = w_ = 1.
These intersections tend to infinity, appreaching the iso-energetic case.

The same phenomenon is observed close to the intersection of the antidiabatic curves,
Suppose that the interaction is strong, i.e. [s —1/2| <« 1. The energy curves intersect at the
same values of the energy parameter. The corresponding equations for the parameter ¢ are

(cot sy + (tanwz)2 =0
and

(cots)? + (cotwe)® = 0.
The solutions are equal to

tanh™! cot
t=:|:i-a¥f£+1/2+n

and

-1
‘= iitanh (cotms) n

All the branching points tend to infinity in the isospectral case when all eigenenergies are
independent of time.

The time-dependent adiabatic basis {F+2}, which diagonalizes the operator H(z), can
be calculated wsing the solutions of equation (13). The formulae are presented below for
the symmetric case w_ = w4 = 1 only, to avoid complicated expressions. The structure
of the formulae corresponding to the general case is essentially the same, although no
periodicity with respect to the time variable occurs in the general case. The upper index
(£, n) corresponds to the energy level E. ., but the lower index denotes the first and the
second components of the vector valued function. The matrix H(z} is real in the diabatic
representation. Hence, the basis can also be chosen real in the diabatic representation. We
shall use this property to fix the phase of the eigenfunctions. Such a normalized adiabatic
basis is

sign(sin 7 (t & 1/4)) sin 7t & E o(2)) cos wse ™ ¢F Eralt))
N2 V(cosms)2(sinm (t £ Eqo()))? + (sinms)?{cosm(t F Eq0(t)))?
w elEFEr0f)=nlp

i) =
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sign(sinz (¢t & 1/4)) cos 7 (¢ F E40(1)) sinwse@EEE+0®)

27/ (cos w2 (sinm(t £ Bt o(t))? + (sinzmsy2(cosw(t = B, oD))?
B Rp (16)

VE" (@) =

The adiabatic basis is periodic with period two, but the period of the Hamiltonian is
equal to one in the symmetric case under consideration. This means that Berty’s phase in
this case is equal to 7. Note that the coefficients in front of the exponentials are independent
of the index .

In the adiabatic representation this basis has the form

P = ({Tﬁ‘ff Yiezs {K&f:}l}jez)

dn sign(sinw (¢t £ 1/4))(— cos2mt + cos 2w B4 o(t))
+i = = L
27,/ (cos w5y (sin® w (¢t £ EL o))+ (sinms)2(cosm{t F E4o(t))* |
COS TS

X : ;
tFEsot)—n+]
sign(sinr (¢ &= 1/4))(sin 27 & sin 2w E. o(£))
21/ (cos ms) (sinm (t & Eyo(t))? + (sinms)*(cosm(t F E4 o(1)))?
sinms
X . 17
tEE o) +n—j 4
This last formula is valid for all ¢, such that t £ E.o{t) € Z, and is equivalent to the
equations (2.1)-(2.6) from the [4] up to the normalization factor, which was not considered
there. We obtain this formula using the definition of the delta function (10). This shows
again that the chosen definition of the delta function is natural. The existence of a sign
factor makes the time periodicity of the — equal to two instead of one.
The adiabatic basis has the simplest form at the stationary points ¢ = 1/4+n/2,n € Z.
The basis vectors have a Pourier representation in the form

S p I s -
T/ 9) = = (isilf?fsse"iw?-) ™

+h _
vy =

3 _ sign(sin2ms) {—isinwsete?N _
e = 2n —COSTS ©
TR _ Sign(SiIl 27?.'5') —igin _n'sei?’/Z —ing
"y (3/4’ ;0) - —',—231 P n’se"iﬁp e
i 1 — coswsel? ,
- = — : —ing
v Ny ( —isinmse /2 ) e (18)

Although the potential curves are s— independent at the stationary points, the adiabatic
states explicitly depend on the interaction. They can be compared with the diabatic states,
e.g. at the point f = 1/4 we obtain

y 1 . i .
e =—= (3 )emirame == (] ) e

3. Time evolution
We now consider the time evolution governed by the operator H(t):

HOF@) = %%F@). (19)
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This equation corresponds to the differential equation in the Fourier representation

( + ——) Filt, o) +m)+—--f+(t ®) =
(20)

( £+ ——) o)+ m_-—f-(z o) =

with the boundary conditions

S, 0 fite, 271‘)) '

=TI’ . - 21
(f_(t )] F-(t, 2m) 2l
Both equations are decoupled and do not depend on the interaction v (or 5) except for the

boundary conditions at ¢ = 0, 27. Therefore, the general solution of equation {20) has the
modulated translational invariant form

Falt, 0y = g (r - —"f-—-) gt sz, @

Co

Thus, the initially prepared, arbitrary wave packet g shifts as time increases in the positive
direction along the ¢ axis. Note that the + and — components are moving with different
speeds. The component shapes are not changed but additional phases are gained which
- differ for + and — components. At the boundarjes the components are mixed by the discrete
transformations. Substitution into the boundary conditions g:vcs a functional equation on
the functions g.:

ge@®\ _ (e 0 N (e 0 N (g.(t—2m/coy)
g_(t)) = ( 0 ei““ﬂ) F( 0 e*icrzﬂ) (g_(t —njew.) ) 23)
The time-dependent problem can be solved in the following way. From the initial data
at time ¢, one can define functions g+ on the intervals (¢ — 27 /cw,., 1) and (f — 27 /cw_, 1);
then using the functional equation (23) these functions can be calculated on the whole half-
axis (¢, o). The functional equation connects the values of the + and — components of the
function g at different points. The solution procedure can be simplified in the symmetric
case when the functional equation is solvable by iterations. Let 0_ = 0} = @, 7 = 27 /cw.

Iterating equation (23) we obtain a formula which connects the values of the functions gu(r)
at points ¢ -~ nt and #:

g+t +nr7)\ _ 2+(t)
(sw + nr)) =0 (g-m)
Wot) =G +rT)GE+(n— D7) Gt + 1)

giet’/2 0 aler?/2 0
G(1) =( 0 eir:.rz,"z)r ( 0 ez ] 24)

We shall calculate the evolution operator U (¢, ¢ + T) for the positive values of T > 0.
The following notations will be used: T = mr +a, m € Z, 0 <.a < 7. Firstly we shall
define the values of the functions g+ (s) on the interval (¢ + T — 1,14 T) from their values
on the interval (¢ — z,t): )

g+ +T -0\ _ _ _ g+t —b+a—1)
(gJ_r(t-l-T—b))“{x"‘“Wm“(t bta 1")(gvi_h(r—b+a~-1:))

' _ g+t —b+a)
FXp>a Wr(t b+a)(gt(f—b-|-a))]' (25)

where
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Here y denotes the characteristic function
l,b<a _{ 0b<a
Xb«:cz(s)'—{ 0, b>a Xb>a(-5')-"{ Lb>a ogb<rT.

Now the evolution operator acts in the Fourier representation;
@+, GO)) o ( f.;.(r;gé))
= =Ut,t+ TH{ %
(f-(t +T,¢) €+ 1) -, 9)
T4 TR
e 0
( ) e—zn-i(r+TJ2) {x«p/cm-m W1 (f - % +a-— 'L')

e~Zmi? Ffilt, 0 — cwla — 1)) @
x ( 0 ez’”‘z) (f:(r, ¢ —cw(a — r))) + XpreoraWn (t T cw + a)

e 0\ [ fult,p—cor)
. ( 0 32"5‘2) (f_(t, p—cot) ]| (26)
Using the shift operator Tp £ (2, ¢) = f(t, @ — 6) the evolution operator can be written in
the form

- ~e27ri(t+T)z 0 ®
U(t, t 4 T) = ( 0 e—z::i(:+T)2) [x‘.%<a Wm+1 (f — ‘EC'; +a— 'L')

—2mitt
e 0 4
* ( 0 82”“2) Teoa—n + Xa=a W (t T cw + a)

e—Zm'zz 0
® ( 0 o2mit? ) Tewa } . 1))

The form of the evolution operator for zero values of a is of particular interest. The
expression for the evolution operator can be simplified in this case:

N e?.mri(r-i-mr)"l 0 ® e—zn'it2 0
U@, t+mo) = ( 0 e-za:i(r+mr)=) W (‘ - a) 0 enit? |- (28)

The spacing between the levels can be chosen to be equal to unity, i.e. @ = 1. The
parameter t = 27t /cw has a simple meaning; this is the period related to the level spacing w
in the bands. The other period is also intrinsic for the system: the period of the Hamiltonian.
As shown in section 2, this period is equal to one assuming that the time scaling is performed
to fix @ = 1. The presence of two periods makes the dynamics quite complicated as formula
(27) shows. Even the propagator over an integer number of periods (28) is not expressed
in simple terms.

Considerable simplification is achieved in the case when the periods differ by a rational
factor. We choose ¢ = 4x, then 7 = % The evolution operator on the half period and on
the period is equal, respectively, to

. - 2arir —ig? A Higplee1 [2) =it o3
ie“"* cos2xs g /A g2ip e sin2zs
Ul t+1/2) = (—ei‘?z/‘*"e"ﬁ‘““"‘/z’ez”” sin 2ms —je~%"¥ co52mrs ) (29)

- e¥i* (cos 27 5)? 4 €' (sin 2w s )?
Uit +1) = (_ieiga2/4rr e~BOEHI (] _ ginite=i0)sin drrs /2

—jemig?/4m Rplre1/2) (] _ g—4mitei¢ygin dgrs /2 30
e~ (cos 21 )2 + e (sin 27 5)? (30
The evolution operator between the stationary points is of particular interest:
M P — cos2ms —jei0* /4 3012 gin 2ar
U(1/4,3/4) = ( —iele' /47 g=3i0/2 gjn Dy s —cos 27s G
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—(cos 2ms)? + & (sin 275)2 | ~ie /4T e cos o /2 sindms ) (32)

Ua/a.s5/4 = ( —iele 4" e~ cos /2 sindms  ~(cos 2rs)? + e ¥ (sin 27 s)?
One can see that the evolution operator for the half-integer T with respect to the shift
of variables s — s+ 1/2,¢ — ¢ + 1/2 has the property

~ elo/2 0 e—lef2 0
U +1/2,1 4+ 1/24+T) = ( o e—igo/Z) st t+T) ( eiwz) . (33)

4. Isospeciral case

We now consider the special case when v =1, w = 1, ¢ == 4. The energy spectrum of
the Hamiltonian H(#) is independent of the parameter ¢ in this case. The energy curves are
horizontal and equidistant.

The evolution operator for T =1 (j.e. over the system period} is also independent of #:

- ig -
Ut t+1) = ("’0 e_ig,) . (34)
In the original diabatic representation this evolution operator has a very simple form:
c 10 000
0.0 1 . 00
0 00 000
et = [ ——— SR D)
0 00 0 0 O
¢ 0 0 . 1L oo
... 000 ...|... 01 0 ..

Only the subdiagonal and superdiagonal are not equal to zero. This form of the evolution
operator defines shifts of the 4 and — components of the function in the negative and
positive directions of the index » respectively. As a result, the system evolves along the
adiabatic potential curves, i.e. along the horizontal straight lines.

We now consider the evolution in the adiabatic basis, associated with the matrix H(2),
which in this case has the form

g = %e—iz(@u@é(ﬁ%)we—m i Z:i:/lj?ein(ril/4)e—i(£:h%};ue—inp. 36)
We use the notation for the operator U{¢, ¢ + 1) in this basis given by
wPB (e, £+ 1) = (U, ¢ + DEPRQ), U7 + 1))

where @, B denote + or —. This infinite matrix can be easily calculated using the Fourier
representation for the functions W* and operator U{z, t + 1):

u+"'(tt+1) @ e+ D —1 0
Fet+1) u;,;(tt+1) -1/

Operator ¥ does not depend on the parameter £.
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Now we are going to calculate the evolution operator for the half-period Uz, r + 1/2)
in the Fourier representation which depends on ¢:

—i{e? 4t )+ Bt =it
0 e ) 37)

Uttt +1/2) = (_ei(ga2/4:r)—2iqar—i;a+23rir 0

It can be written in the form

~ eivtfET g 0 eH2iptig=2mit 12
Ut,t+1/2) = ( 0 ei’:n‘z ) ( —igt—ip+2mit 0 ) (30 e—(i)é )
et f8n o 0
= ( 0 1{&2/817) Q(t t + 1/2) ( e"iqu/sn) . (38)

This form of the evolution operator shows that during half of the period the initial data
which have a zero “+’ component (fy ,(0) = 0) are transformed into the function with the
zero ‘—' component (f-..,(1/2) = 0) and vice versa. If one starts from the localized initial
data, for example f_ (0} = é(n), then, after the half-period, it will be delocalized in the
original diabatic representation

L = s
f+,m(1/2) = _é;r_fo e—i(¢2/4ar)+2:qat+lqo-2mte-—1(n-—m)p dp.

After the second half of the pericd the function will be localized and the ‘4’ component
will again be equal to zero.

We shall calculate the evolution operator in the adiabatic basis for ¢+ = 1/4,
Corresponding bases are

[~ 1
\P+»H(1/4, Q) = ﬁ (1 -W/Z) —ing

‘ = 1 lw —mcp
W=R(1/4, @) = i

(. —jpiv/2 —in
(374, 0) = 1 ( “’Lw )

] (39)
‘1"" "(3/4, ) =

—ei® ing

’\/— ___ie—iqpfz € .
We are now going to calculate the operator Q in the adiabatic bases. It is possible to
consider a new Fourier transformation, associated with the adiabatic basis. A variable,
conjugated to the index n, will be denoted by p, and the operator Q in this Fourier

representation will be denoted by §. Operator § corresponding to the evolution between the
stationary points is the operator of multiplication by the matrix

- . _ icosp/2  —ie7P2sinp/2
q0sa, 30 =3/ 50 = (LGB0 ) TN SR o)

One can easily verify that
Q(3/4,5/4)Q(1/4,3/4) = U(1/4,5/4)

due to the diagonal form of the evolution operator in the diabatic Fourier basis.



Doubly periodical in time and energy exactly soluble system 4379
5. Conclusions

The presence of two periods is characteristic for the model under consideration, In the non-
symmetric case, the periods are 4. = 27 fewy and T_ = 27 /cw_. The adiabatic potential
curves and the Hamiltonian are not periodic in ¢. ‘

In the symmetric case w, = w_ these periods coincide, but a new period appears, i.e.
that of the adiabatic potential curves. Alternatively, it could be said that in the symmetric
case the adiabatic potential curves are symmetric both in translations over time and energy.
In the non-symmetric case the translational symmetry is somewhat more complicated: the
elementary cell is a parallelogram on the (¢, E)-plane.

In the dynamic problem the periods do not appear on the same footing, as is seen, for
instance, from formula (20). The explicit expression for the evolution operator generally
locks quite complicated and deserves further analysis. Physically, it could be expected that
in the general double periodic case the time propagation does not follow a regular pattern.

The formulae are much more transparent when the periods are in a simple ratio. The
evolution pattern is particularly lucid and regular in the isospectral case. The latter represents
a regime with an interaction of intermediate strength. The more detailed analysis of
the physically important adiabatic and antidiabatic limits could be the object of further
consideration. .

It is rather interesting that the solution of the dynamic problem can be -expressed
- through trigonometric functions cnly. For a two-state Landau—Zener case, which seems
to be simpler, the propagator can be expressed only through the functions of a parabolic
cylinder. Hence, the periodization of the model simplifies the problemn considered to that
which could be expected from other examples.

The model considered here presents a kind of quantization of (1 + 1) spacetime and
allows ‘continualization’ when the periods of time and energy (which then plays the role of
the space coordinate) tend to zero. If the coupling constant v is equal to zero, then we come
to the wave equation case when propagation of the signal preceeds with constant velocities
in both directions. The propagation becomes more complicated for the non-zero coupling.
The unexpected feature is the s— symumetry and the antidiabatic limit which returns us to
the zero coupling case when the coupling tends to infinity. These additional symmetries
need further investigation.
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